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High-Performance, Robust, Bank-to-Turn Missile
Autopilot Design
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and
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Subjects related to a robust multivariable autopilot design are examined in this paper. First, a canonical robust

control design formulation is introduced and is illustrated by formulating an integrated autopilot design problem.
This formulation addresses the considerations of missile command following, model parameter variations, actuator
dynamics, flexible dynamics, and parasitic feedback effects. Then, three robust autopilot designs for the HAVE
DASH II missile system are executed. The controllers are solved using the generalized Hamiltonian approach which
unifies a class of robust control designs in the same framework in terms of the formulation, data structure, and
solution algorithm. The simulation shows that the designs achieve good response against significant kinematic and
inertia couplings and aerodynamic parameter variations.
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Nomenclature

system state and input matrices
= control and exogenous input distribution

matrices o
= measurement and performance distribution

matrices ] ]
= direct transmission matrix from u to y

= direct transmission matrix from w to y

direct transmission matrix from u to z

= direct transmission matrix from w to z

= gravity constant

= controller

= rolling moment derivatives

= pitching moment derivatives

= yawing moment derivatives

= augmented plant

= partitioning blocks of the augmented plant

= roll, pitch, and yaw rates

= closed-loop transfer function from w to z

= control input

= total missile speed

= exogenous input

= state

= measurement (feedback) signal

= side force derivatives

performance to be monitored (regulated)

z-axis force derivatives

= angle of attack, sideslip angle, and bank
(roll) angle

= integral of «

uncertainties

roll, pitch, and yaw control deflections

design parameters (weightings)

= missile pitch attitude angle
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1. Introduction

O take advantage of high-lift, low-drag, air intake, internal
carriage, and low-observability features, missile airframes have
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undergone significant changes. As a result, new requirements and
concerns are being imposed on the autopilot design. The asymmetric
high-lift configuration gives the missile large maneuverability in its
pitch plane, and the available load factor in the yaw plane is limited.
Therefore, to track a target, a bank-to-turn (BT T) steering policy
must be employed. The BT T control is realized via roll and pitch
maneuvers. To achieve the desired orientation, a BTT missile rolls
the normal plane to the desired direction. The magnitude of the
maneuver is controlled by pitch control devices.

Unlike a skid-to-turn autopilot which can be designed with inde-
pendent pitch, yaw, and roll channels, a BT T autopilot has to roll
the normal lift plane to achieve a maneuver. This rolling motion in-
duces Coriolis and gyroscopic couplings. Thus, the design problem
is essentially multivariable in nature. This multivariable autopilot
requires rapid and precise pitch and roll responses to intercept an
incoming target. It is also imperative to maintain a small sideslip an-
gle to fully utilize the air-breathing propulsion technique, to increase
range, and to prevent departure.

In addition to stabilizing the multivariable coupled dynamics and
to achieving a rapid response, the autopilot must also be robust
against parasitic effects, such as radome swing, adaptive with re-
spect to parameter variations, and compatible with other subsys-
tems.

The availability of onboard hardware (computer) and software
(advanced guidance law) and the demand to intercept a highly
maneuverable target have increased the high-bandwidth require-
ment of the guidance loop. As a result, the autopilot is required to
exhibit an even higher command response, bringing the missile’s
flexible effects into the design problem. This design concern is
further jeopardized by the increment of fineness ratio. These flex-
ible modes, if not stabilized, may degrade the tracking response
or even cause instability. Moreover, these flexible dynamics are
poorly known and are functions of time, flight condition, and
maneuver level. The autopilot is then required not only to ex-
ecute a rapid homing but also to stabilize elastic dynamics. In
addition to elastic modes, the radome swing, especially at high
altitude, also constitutes a parasitic feedback path and must be ac-
counted for.

Requirements on the expanded flight envelope include longer
range, faster speed, and higher altitude. These introduce large varia-
tions on the missile airframe parameters. The tracking performance
of the missile, however, must be maintained throughout the flight
envelope. That is, the autopilot must be able to adapt to the changes
in the operating environment.

Finally, the autopilot must be compatible with other subsystems.
Although it is desirable to have the autopilot respond as fast as
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possible, if the autopilot bandwidth is too high it may amplify the
seeker noise and degrade the tracking performance. Similarly, a
large guidance gain may result in rapid homing. Yet, if the guidance
gain is too large, it may saturate the autopilot and cause instability.
It is thus required to tradeoff tracking response, noise effects, and
stability from an overall system design perspective.

Al of these requirements have stressed the use of classical one-
loop-at-a-time design methods to their limit. On the other hand, mul-
tivariable robust control design methods offer several advantages,
which include'~7: minimizing the use of gain scheduling mech-
anisms, taking advantage of coupling effects, offering design in-
sights such as fundamental limitations and performance/robustness
tradeoffs, and accounting systematically for modeling uncertain-
ties. Despite the promised advantages, applications of multivariable
robust control methods to missile systems remain limited. This is
largely due to the fact that multivariable robust design methods fail
to address practical missile-oriented issues.

The objective of this paper is to formulate and design a missile au-
topilot using current multivariable control methodology. The paper
is organized into two parts: design formulation and design results
demonstration. In Sec. 11, a general robust control design formula-
tion is presented and the procedure to establish a robust autopilot
design formulation in this canonical form is illustrated. In Sec. III,
the missile dynamic models are introduced first. Then a class of
robust designs have been applied to the HAVE DASH II missile au-
topilot design. Among the designs are the linear quadratic Gaussian
autopilot, generalized singular linear quadratic (GSLQ) autopilot,
and H™ autopilot. All of the designs are formulated in the canonical
form and solved based on the generalized Hamiltonian formulation.
The robust performance of each design is visible from the simulation
results. The blending of different design approaches provides the po-
tential of reducing conservatism in using a particular design method.

II. Canonical Design Formulation

A general canonical form for the feedback system design problem
is discussed in this section. It is shown that the design concerns of
the missile autopilot can be systematically formulated using this
canonical framework. As a result, autopilot design tradeoffs can
be carried out in a highly organized manner. The canonical setting
of the control design block diagram is shown in Fig. 1, where the
augmented plant dynamics is given by

g _ Pzwiqu w =p w 1
)t S i Y R

The transfer functions P, (s), P (s), Py (s),and Py, (s) are derived
from the plant dynamics, sensor/actuator dynamics, exogenous sig-
nal models, weightings, and interconnection topology. The design
objective is to synthesize a controller K (s) such that the design
requirements are satisfied. Typical design requirements include in-
ternal stability, robustness, and performance, among many others.
The overall input-output map, i.e., the transfer function from w to
Z, is a linear fractional map,

F (P, K):Pzw+P:u(]_KP)'u)VlKP_\'w (2)

provided that [/ — K{(o0) Py, (00)]~! exists. The linear fractional
map (2) contains performance measures such as stability, robustness,
command tracking response, actuator activity, and so forth, as its en-
tries. The objectives in the autopilot loop design are to achieve 1) a
satisfactory acceleration command response, 2) robustness against
unmodeled flexible dynamics, 3) robustness against actuator un-
certainty, and 4) insensitivity against aerodynamic parameter vari-
ations. The list is not exhaustive. Requirements such as time delay
and nonlinearities may need to be considered. These nonlinearities
include fin position and actuator rate limits, gear backlash, and gy-
roscopic couplings induced by the missile’s roll rate. The design
objectives can be characterized using the canonical form as follows.
Consider the augmented system block diagram in Fig. 2, in which
G is the nominal plant model given by G = D + C(Is — A)"'B,
K, is the feedback controller, and K, is the feedforward controller.
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Fig.2 Design formulation of the autopilot loop.

To achieve a satisfactory command following so that the missile can
successfully track and intercept the target, the transmission from the
guidance command r; to the tracking error ¢ must be minimized. To
better represent physical significance and to reduce conservatism in
apractical design, a frequency-dependent weighting is generally in-
troduced to filter r| and e. The frequency-dependent weighting W is
selected to reflect the frequency contents of the command response.
Since the command response is of limited bandwidth, W, must also
be a low-pass filter. Letting e, = W,e, the transfer function from ry
to e; can be written as

ar=[W ~WGU - K:6)'Ki]n

o1\ 1
= Wl—WlG<1—[K1 Kz][G]) [K, KZ][O:] r|

3
Clearly, this is a linear fractional map with
I
Pzw:WI» qu:_WlG’ P»u):[o] (4)
0
Pu=15s1 K =[K, K] &)

Minimizing the transfer function from r, to e; results in a good
command response. Another design uncertainty is represented by
the missile flexible dynamics. The design concern due to unmodeled
dynamics and sensor noise is taken into account by penalizing the
transmission from r; to e;. The weighting W, is selected to charac-
terize the unmodeled flexible dynamics. Since the flexible dynamics
are less known (more uncertain) at higher frequencies, W; is of a
high-pass form. The transfer function from r; to e, is

e = WoG(I — K2G) ' Kor,

-1
0 0
=WZG(1—[K1 Kz}[G]) [&: K2]|:Ii|r2 ©)

Clearly, this is also in the form of Eq. (2) with

0
P:11:W2G~ P_vu:I:G}s
O]

[]

This function is sometimes referred to as the weighted output com-
plementary sensitivity function or robustness function. Minimizing
this function is equivalent to increasing the robustness to the missile
flexible dynamics.

P"w = 0,

4



48

The deflection and rate limits of the actuator must be considered
in the autopilot design. An excessive autopilot gain may saturate
the control surfaces and lead to undesirable consequences. Since
the limits are not explicitly expressed in the linear model, a mea-
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By combining the preceding objective functions and placing them
in the canonical setting, the plant with modeled uncertainty can be
represented by

sure must be taken to reflect the actuator dynamics. The objective r'w, 0 —-W,G —-W,G, | -W,G
function is selected by penalizing the transmi‘ssion from r3 toes to 0 0 WG W,G, ': W,G
ensure the robustness at the actuator break point and to monitor the !
control activity. W5 is also of a high-pass form so that it may reflect P = 0 0 0 0 i Wi (13)
the high-frequency actuator uncertainty. This transfer function, re- 0 0 W.G, WG, | WuG
ferred to as the weighted input complementary sensitivity function, 0 0 0 ; 0
can be written as :
Lo [ G G, | G

0
G

-1
0
€3=W3<l—[K1 K2]|:G:|) [K; Kz][

Again, P, P,,, P,,, and P, can be determined as
Pzwzo, qu=W3s

SRR

G
One last design concern in the autopilot loop is related to the parame-
ter variations. Suppose that the system matrix is perturbed from A to
A+ E| AW, E, for some (known) matrices E; and E, and unknown
Ay. The perturbed transfer function, denoted as G’ = G + AG, can
be written as

G=D+C(s—A—~EAWE)™'B

]rs ®)

0 )

G

=D+ C(sI—AB+ C(sI—AE AW,

G

(10)

Ga

x [I = Ex(s1 — A E, W3] Ex(sI - A)'B
[P S— —_—
G Gy

The effect of this parameter uncertainty can be characterized by the
transfer function from r4 to e4. In the form of a linear fractional map,
it is written as

o\ 0
€4=W4{Gc+Gb(1'—[K1 Kz][G]) [K, KZ][G :”M

and the controller to be synthesized is K = [K; K_]. The objec-
tives are to make the (i, i) entries ({ = 1, 2, 3, and 4) of F,(P, K)
small. To see the generality of this canonical formulation, derivation
of an integrated autopilot design formulation is illustrated subse-
quently.

A guidance loop is added to Fig. 2. The resulting augmented
system block diagram is depicted in Fig. 3. The control design task
will be extended to the guidance loop. A proportional navigation
guidance (PNG) law will be used with the transfer function

AV,

Cr) = s

where A is the navigation gain, 7, the guidance constant, and V,
the closing speed. The closing speed, however, constitutes an un-
certainty in the. design because in most tactical missiles only the
line-of-sight direction is measured. The closing speed is generally
estimated by sophisticated filtering algorithms, thus inheriting a sig-
nificant time delay. It is also a function of the target’s maneuver.
Therefore, the uncertainty due to closing speed is modeled as a
multiplicative uncertainty and accounted for accordingly in the in-
tegrated autopilot design. The PNG law accepts the line-of-sight
rate input from the seeker which is modeled as

Gi(s) = [s/(1 + 755)]

where T, is the seeker time constant. An additional parasitic feedback
loop is considered in this integrated design. This parasitic feedback
G;(s) includes the radome slope bias r,, radome swing rr, and

(1D leakage in the seeker isolation loop 75:
Therefore, Gi(s) = Tos” +rp £r7/2
0
Py = WsG,, Py = WiGy, Py, = |:G jl Note that the sign of the radome slope swing is indeterminate. In
(12) other words, the autopilot must be designed to be able to accommo-
0 date this sign variation. Also, this parasitic dynamic is driven by ei-
Py, = [G ] ther the pitch or yaw rate. When the angular rates are contaminated
a

The stability margin of the closed-loop system is inversely pro-
portional to the norm of this transfer function. In other words, by

by missile flexible effects, the tracking performance and stability
margin are severely affected. The integrated robust autopilot design
problem corresponding to Fig. 3 is formulated as a canonical design
problem in which the augmented plant can be written as

"W, —W\GrG,G, -W,G,G  -W\G,G, ~WGiG, WGp | —-W,G,G ]
0 0 W,G W,G, 0 0 WG
0 0 0 0 0 0 W;
0 0 WGy W,G, 0 0 WaG,
P=1lo I G G, 0 0 G (14
0 -G,G; ~-G,G,G -G,G;G, -G, 0 | ~G,GG
1 -GrG,G; ~GrG,GiG ~-GrG,G,G, ~GrG, Gr |-GrG,GG
[0 1 G G, 0 0 G |

where G, = I + GrG,G;. The additional uncertainty blocks, As
and Ag, in the attitude loop are used to account for radome slope
error and closing speed uncertainty, respectively. In the computation
of the controller, the improper character of G;(s) is taken into

minimizing the norm of the transfer function of Eq. (11) subject to
the stability requirement, the system can be made less sensitive to
parameter variations.
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Fig.3 Integrated autopilot design formulation.

consideration by either selecting appropriate weightings or utilizing
numerical techniques.

A. Synergistic Robust Control Design

We will limit our attention to a linear, time-invariant, proper
plant P(s). Itis assumed that P (s) admits the following state space
realization:

P”lu | P'u 8
P(s) = [(S)r(f) J
P\'w(s) i Pyu(s)

A B] B2 U Bm ]: BO
Cl D|1 D12 Dlm ‘[ DIO
C2 D21 D22 e D2m : DZO
- L (15)
i .
Cp Dpl Dpz R me i DpO
L Co|Dor Doz -+ Doy Er Doy |
where the shorthand notation represents
Dll D]Z D]m Cl
Dy Dy -+ Dy, C,
Pzw = . . . . +
D/)] DpZ e me Cp
X(SI“A)ﬁl[B] B> Bm]
D C
10 1 (16)
Dy Cy
P, = + (sI—A)"By
DpO Cp

Py, =[Dy Dy -+ Doyl 4 Co(sI — AY'[B, Bs---B,l
Pyu = DO() + CO(SI - A)—IBO

More explicitly, the augmented plant (15) represents the following
system:

x = Ax + B()Ll + [B] et Bm]w

¥ = Cox + Dypu + [ Dy -+ Dy Jw (17
Cl DlO Dll Dlm

e=| e e
Cp Dp[) Dpl Tt me

Note that the subscript Ois related to the plant and nonzero subscripts
refer to different performance measures. To ensure the existence of
stabilizing controllers, it is assumed that (A, By) is stabilizable and
(Co, A) is detectable. It is also assumed that all matrix partitionings

are compatible. The augmented plant models (13) and (14) can be
put into this form by realization of the transfer functions.

Inrecent years, many robust control design approaches have been
proposed to account for uncertainties inherent in the system. The
generalized Hamiltonian formulation'® provides a unified frame-
work for solving a class of robust controllers. One of the key results
is the use of the generalized Hamiltonian to solve both H2 and H™
problems. Although the analogy between H* and H™ has been
exploited in Refs. 9-11, the generalized Hamiltonian formulation
brings a new look to the structure and algorithms of these two con-
trol design methods. This approach aims to unify the performance of
H? optimization, robustness due to H* design, and the singularity
property of singular control using one algorithm. Such a result is
highly consistent with the overall system approach discussed in this
section. In addition to the theoretical interest, the blending of various
design methods greatly simplifies the implementation of computer
aided design.

III. Robust Autopilot Design

Linearized missile dynamics models can be obtained by approx-
imating the system dynamics around a given flight condition. The
linear model of the HAVE DASH II missile has been derived in
Ref. 1 and is denoted by

X = Ax + Bu (18)

where the state and control input are defined as

o
q 5,
X = ’f i u=| 8 (19)
8(1
p
¢

respectively. The state space matrices A and B are

fz, 1 O 0 0 0
m, 0 0 0 0 0
A= 0 0 ys —cosay sinay g/V,cos®q
0 0 ng 0 0 0
0 0 I 0 0 0
L0 0 O 0 1 0
a (20)

8, s, s,

ms, ms. Mg,

| O ¥

0 ns  ny,

0 & L,

L O 0 0

respectively. Note that the autopilot delivers fin deflection com-
mands based on the commands from the guidance law. The bank-
to-turn logic transfers the linear acceleration commands from the
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Table 1 Stability derivatives of HAVE DASH II missile

Flight conditions

Stability 1 2 3 4 5
derivatives ap = 2 deg og = 5 deg ap = 10 deg g = 15 deg ap = 20 deg
2y —0.4083 —0.5673 —0.8196 —1.1372 —1.2342
25, —0.1301 —0.1292 -0.1337 -0.1123 —0.1294
s, —0.0028 —0.0066 ~0.0066 —-0.0092 —0.0068
25, —0.0029 —0.0060 ~0.0078 —0.0078 —0.0074
Mg ~24.1593 —38.7292 94.8788 —36.0662 —43.3763
ms, —149.9028 —149.4325 —155.6843 —139.6265 —157.6747
ms, —4.7630 —7.5668 —2.4725 —1.8821 —1.4831
ms, —4.1447 —6.8855 —3.2771 —2.1629 0.1519
yg —0.2298 —0.2518 —0.2980 —0.3286 —0.3086
s, 0.1133 0.1111 0.1021 0.0687 0.0741
Vs, —0.0030 —0.0047 0.0025 0.0402 0.0447
ng —1.953% 2.5679 8.1743 —75.7856 —155.6500
Hs, —132.6116 —~129.7860 —117.2795 —78.7773 —87.6981
ns, 4.8379 8.3528 4.2661 —39.1583 —46.3717
Ig 487.1155 —146.7585 —2075.6121 —1689.5171 —2583.0662
Is, —153.5108 —194.2953 —486.4590 —1221.5885 —1524.0958
Is, —2631.8740 —2671.2722 —2631.4756 —2243.1475

—2492.1411

guidance law to the angle-of-attack command «, and the roll rate
command €, needed by the autopilot. Note that an o and 8 feedback
has several advantages compared to the more conventional acceler-
ation and angular velocity-loop closures, however, since angle-of-
attack and sideslip angles are not readily measured with appropriate
bandwidth by a typical missile system, effective «, B estimation
needs to be designed.!> The missile is assumed to fly at 40 k ft at
2.75 Mach. Five flight conditions are selected according to the angle
of attack. Table 1 gives the stability derivatives at different angles
of attack. It is observed that the linear model undergoes severe vari-
ations with respect to different flight conditions. Especially, notice
the variations of m,, which cause the pitch dynamics to become
unstable at flight condition 3, and variations of the terms ng, I, and
I5,, which are coupling terms in the roll-yaw dynamics.

The key requirement in missile autopilot design is to achieve
robust performance and stability in the presence of uncertainties.
These design concerns and requirements can be lumped into a canon-
ical design formulation as discussed in Sec. II. In this section, robust
autopilot design results are demonstrated. A class of robust designs
are applied to the HAVE DASH II missile autopilot design. These
include the H? design, GSLQ design, and H* design.

A. H? Autopilot Design
Pitch Autopilot
The missile pitch dynamics are given by

s dlak e
q me 01| q ms,

To follow the commanded angle of attack ¢, and achieve zero steady-
state tracking error, the integral of the angle of attack is augmented
as a state. The missile dynamics become

where ¢ and w are also design parameters. In this case

C = | APte Vb, w’
' 0 0 0
(25)
b 0
10~|:\/E:|

Strictly speaking, the robustness toward parameter variations is not
guaranteed in this design. However, the results seem to be highly
robust against parameter variations. The time responses of a H2-
controlled pitch system at five flight conditions is provided in Fig. 4a.
The controller is designed at flight condition 3, the design parameters
are selected as ¢ = 0.7, w = 23.0, and p = 100. In this evaluation,
an actuator model [180/(s + 180)] is included. The angle-of-attack
command ¢, enters the missile dynamics and autopilot through the
angle-of-attack error integration f o — a, . That is, in a real imple-
mentation, the augmentation state becomes a filter used to nullify
the steady-state tracking error. A nonlinear six-degree-of-freedom
simulation has been conducted which simulates the autopilot un-
der the missile full dynamics. The fixed gain controller does indeed
achieve a robust angle-of-attack command following response, as
shown in Fig. 4b. The angle-of-attack command is assumed to be
20 deg during the period from 1 s to 3 s, which is shown in the
dashed line in the upper-left plot. The initial condition of the mis-
sile is assumed to be at O-deg angle of attack, 40 k ft, and Mach 2.75.
At the end of the maneuver, the Mach number has dropped to 2.31.
Thus, although the variation of the Mach number is not addressed
in the design, the controller appears to be insensitive toward Mach
variation.

H? Roll-Yaw Autopilot

@ % 1.0 o Zs, The roll-yaw dynamics are described by
g |=1my 0 O q {+ | ms, Be (22) .
g — COS S Vn cos ©
g L 00 o 0 \7-/ B Vg osay sinag g/ V,cos O B
N Nt e r _ ng 0 0 0 r
A X By p - lﬁ 0 0 0 p
The design objective is to minimize the following performance ¢ 0 0 1 0 ¢
index: S
A X
J = f Tz + pdZdt (23) -
o a
.on Sy
where p is the weighting on the control. To shape the angle-of-attack o Moo \: ] (26)
response, z is chosen to be of the form I, s, 8

o u
=Rw 1 1| q 24) o
o The objective of the control is to have the roll rate p follow the
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Fig. 4b  H? pitch autopilot nonlinear simulation.

command roll rate .. The objective function of the roll-yaw H?>
design is selected as

o0
J:/ Tz 4+ u" Rudt,
0

I
I

p2r

} 27N
R =
,03([7 +)\p¢)

0 ps

The first term in z is to characterize the sideslip response. By plac-
ing a transmission zero at —Az, the closed-loop system, after the H?
optimization, has a pole at —Ag. The third term utilizes the trans-
mission zero (or frequency-dependent weighting) concept to shape
the roll response. The matrix R in the objective function is to adjust
the control activity. The performance corresponds to

JPUAL + ) PrAR A JPiA
0 N/ 0 0

C = 0 0 NN
0 0 0 0
0 0 0 0
(28)
JPiBi o /i Bp
0 0
Do=| 0 0

0 N/

where A;; and B;; are the (i, j)th entries of A and B, respectively.
After some iterations, the following parameters are determined:
Ag=15.0.4, =18.0,p, =7.0, p, = 1.0, p3 = 2.0, py = 20, and
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Fig. 4d H? autopilot six degree-of-freedom nonlinear simulation re-
sults.

ps = 30. The resulting controller is
6 | [ —5.0379 + 0.4457
5, | =1 o981 [P | —0.0s60 |"

—0.0008 11 0.1859 9
T\ 00406 | 7505869 ] ) ” @9
The resulting controller is evaluated to be robust against parameter
variations. Two time responses are considered. One is the roll com-
mand response, another is the sideslip excursion response. With the
fixed-gain linear quadratic controller, the responses at all five flight
conditions are acceptable, as shown in Fig. 4c.

Finally, the nonlinear simulation results of the /> controller are
provided in Fig. 4d. The commands in this nonlinear simulation
include an angle-of-attack command, which has a value of 10 deg
between 1.0 and 3.0 s, and a (stability axis) roll rate command of
90 deg/s between 2.0 and 4.0 s. The roll rate command and roll rate
response are all in the stability axis. Again, the dashed line stands for
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the command. The command following capability is achieved with
a small amount of sideslip excursion. When the command levels are
increased, the performance can still be achieved at a higher level of
control deflections.

B. Generalized Singular Linear Quadratic Autopilot Design

In this section, the GSLQ approach is applied to the HAVE DASH
II missile autopilot design. The design of the generalized singu-
lar linear quadratic control consists of selection of the steady-state
manifold and control activity parameter. The criterion in selecting
the steady-state manifold is that the system, when restricted in this
manifold, is stable and has a satisfactory response. The control is
effected by

u=(s + R’ (30)

where 1«° is the control determined by the steady-state manifold,
and R. is a design parameter. In the design, the following perfor-
mance measure, which corresponds to the integrand in the objective
function, is selected as

[04
=Rw 1 o'l 9 |=Rw 1 o*lx 31
a; —— e
Cy

This ensures that the angle-of-attack response is approximated by a
second-order system with damping ratio ¢ and frequency w. Natu-
rally, the parameters £ and w are design parameters to be selected
during the design. The problem of minimizing the H? norm of z
is singular since there is no penalty on the control . in the z term.
Applying a structure algorithm, the transformed system matrices are
AV =4, B" = ABy + R.Bo,
(32)

¢V =cy, D) = C\B,

where R, is an adjustable parameter. Since Dﬂ)) is of full rank, by
solving a regular H? problem, we can obtain a control gain F",
Then the total gain is calculated from

F=RFY+Fh4g (33)

It is noticed that by using this approach, a singular problem is trans-
formed into a nonsingular one, in a very easy manner, and no de-
compositions are required. Some manipulations further reveal that
the control §, is equal to

8 = (RF'V + FMA)x

-1
= — [(2 o « >+ 2¢wR, 34
2§w259+m&.[( {02y + My + @ + 20 wR)a (34)

+ Q¢+ R)q + Re’a;]

which can be simplified as
8¢ & (=1/ms)[(0® + 20 wR)a + 2w+ Re)q + Rew’a; | (35)

This approximation is valid as long as the parameters w and R, are
selected such that w? - 2¢ w R, dominates in,. This domination also
implies that the effect of m, on the resulting system response is
reduced. That is, the system is robust against variations of m,. An-
other advantage of the control law is that the resultant control gain
depends only on the control effectiveness and design parameters.
With a simple scheduling device or contro} effectiveness estima-
tor, the GSLQ pitch control can be readily implemented. A similar
approach can be used to design the roll-yaw autopilot.

Inthe pitch design of the HAVE DASH IT autopilot, the parameters
 =0.7, w = 23.0, and R. = 18.0 are chosen. The flight condition
3 (g = 10 deg) is selected as the nominal. Note that the parameters
 and R, are selected such that w? 4 2¢wR. is (much) larger than
150, the extent of the variations due to m,,. This design leads to the
feedback

61.1622

3, = <7.1208 + )a +0.3224q (36)
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Fig. 5 GSLQ autopilot six-degree-of-freedom nonlinear simulation
results.

The time responses of the GSLQ controller with respect to the mis-
sile dynamics are comparable with that of the H? design.
In the roll-yaw autopilot design, the singular performance index

is chosen as
J = /sz dt

c A 1.0 0 )
= X =
e=m 0 0 1 & | (

with

The control activity parameter R, is chosen to be of the diagonal

form
o 38)
o & (

With the flight condition at 5 deg of the angle of attack selected as
the nominal one, the GSLQ control leads to the roll-yaw autopilot
with g = —15,4, =25,k = 12, and k, = 20.

The nonlinear simulation results of the combined pitch-roll-yaw
autopilot are shown in Fig. 5. Satisfactory roll rate following re-
sponse is achieved. The induced sideslip is small since the roll is
performed along the stability axis. The body yaw rate for coordina-
tion is

R = Q. sina, =90 x sin(10 deg) = 15.62 deg/s

The control deflections of the yaw and roll devices are shown in
the lower right-part of Fig. 5. More activity is involved in the yaw
control device than in the roll since the fins are far more effective at
producing roll than yaw (see Table 1).

C. H® Autopilot Design Example
Pitch System Design

In the design, control activity, performance, and uncertainties
are considered in selecting the performance index. The objective
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Fig. 6 H° autopilot six-degree-of-freedom nonlinear simulation
results.

measure to be minimized is selected to be

/1 0 0 0

7= 0 0 O |x+1p{é. 39
KX2w Kk Kw? 0
Ci Do

The first row of C; and the matrix

0
B =1 (40)
0

model the structure of the disturbance causing by the variations of
myg. In the design, p, is chosen to be 150 to represent the extend of
the parameter variation. The third element of z represents a measure,
q +2¢wa + w?a;, which is used to monitor the performance. Other
parameters selected are { = 0.7, w = 23.0, p = 50.0, and x = 7.0.
This gives the control law

a +0.3791g (41)

77.
8, = (8.7780 + i65>
s

Robust stability is achieved as supported by the nonlinear simulation
results.

Roll-Yaw System Design

Withx = {8, r, p, ¢]7 as the state, the H* design is to minimize
the transfer function from the external disturbance to the perfor-
mance measure. The performance measure is assumed to be

02 0 0 0 g 8
kixg ki O 0
= 0

0 0 kb ki, x + ) 50 u 42)

0 o 0 n 12
0 K?; Ezg

(o) S—— o —
Dyo

Similar to the pitch autopilot, the external disturbance is assumed
to have the structure B, = [0 1 0 0]7. Parameter 5, is chosen to
be 250 to represent the extend of variation in /g. Other parameters
used in the design are Ay = —18.0, A, = 15.0, ky = 1, k, = 3.5,
£, = 500, ¢, = ~60.0, €y = 120.0, and ly = 160.0. The
controller is derived as

3 | | —3.0726 N 0.2395 N —0.0203
Sa | 1.0093 p ~0.0846 | 0.0325

+ 11 0.0210 @3)
5| 02954 | )P
The controller is solved using a generalized Hamiltonian formu-

lation. No scalings are required in this approach. The nonlinear
simulation result is provided in Fig. 6.

IV. Concluding Remarks

In this paper, the issue of the robust autopilot design has been dis-
cussed. The canonical design formulations for an autopilot loop and
an integrated autopilot demonstrated the technique of inserting the
practical concerns. Through a systematic, one-loop-at-a-time aug-
mentation, the complex process of developing a formulation that
encompasses practical concerns in the autopilot design becomes
transparent. Three autopilot designs have been applied to the HAVE
DASH II missile system. The simulation shows that they achieve
good response against aerodynamic variations and significant kine-
matic and inertia couplings. Through these selected examples, the
process of implementing advanced robust control technology in the
autopilot design is exhibited. It is also demonstrated that a unified
formulation, data structure, and solution algorithm can be shared
among a class of robust control methods. This greatly simplifies the
implementation of computer aided design.
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